COHOMOLOGICAL DIMENSION OF DISCRETE MODULES OVER PROFINITE GROUPS JUAN JOSE MARTINEZ
The main purpose of this note is to show that the finiteness of the cohomological dimension of a discrete module is closely related to the finiteness of its injective dimension. Moreover, a sufficient condition for the finiteness of the cohomological dimension is given. Both results are proved making a heavy use of the theory of cohomological triviality for finite groups.
The reader is referred to [3] for a treatment of proίinite cohomology.
Throughout this note, G is a profinite group. As usual, the cohomology of G is denoted by H(G, ).
Recall that, if A is a discrete G-module, the infimum of the (set of) nonnegative integers r such that H n (S, A) = 0, for any integer n > r and any closed subgroup S of G, is called the cohomological dimension of A, and is denoted by cd (G, A) In this paper, a discrete module is called injective only when it is injective in the corresponding category of discrete modules. If A is injective, it is well-known that cd(G, A) -0, because, for instance, A is F-injective for all open subgroups V of G. Finally, recall that the injective dimension of A, denoted by id (G, A) , is the least length of an injective resolution of A.
The connection between cohomologically trivial modules over finite groups [2, Chap. IX, § 3, p. 148] The Nakayama-Tate criterion for cohomological triviality takes
Proof. Since A embeds in an injective, whose cohomological dimension is zero, by repeated applications of dimension-shifting it suffices to consider the case q = 1. Let U be an open, normal subgroup of G. If V is any subgroup of G containing U, the HochschildSerre spectral sequence of the F/ί7-module A u yields the exact sequence for low degrees
Since U is open, so is V, and thus, Proof. Recall that the category of discrete G-modules has injective envelopes for each of its objects. Since (Z[G/U])u, where U runs through all open, normal subgroups of G, is a family of generators, this result can be obtained by using a general theorem from category theory, due to Mitchell [1, Chap. Ill, Theorem 3.2, p. 89] .
Let /: A -•> Q be an injective envelope of A (in the category of discrete G-modules). If C = Coker/ and g:Q->C is the canonical morphism, the sequence of discrete G-modules (ii) cd(G) fg r if, and only if, cd(G, A) S r for all torsion, discrete G-modules A.
(iii) scd(G) ^ r if, and only if, cd(G f A) <; r for all discrete Gmodules A.
Finally, (6, iv) is clear by [3, Chap. I, Proposition 13, .
